We present unquenched lattice QCD results for the matrix elements of four-fermion operators relevant to the description of the neutral K and D mixing in the Standard Model and its extensions. We have employed simulations with N f = 2+1+1 dynamical sea quarks at three values of the lattice spacings in the interval 0.06 -0.09 fm and pseudoscalar meson masses in the range 210 -450 MeV. Our results are extrapolated to the continuum limit and to the physical pion mass. Renormalization constants have been determined non-perturbatively in the RI-MOM scheme. In particular, for the Kaon bag-parameter, which is relevant for the K 0 − K 0 mixing in the Standard Model, we obtain B RGI K = 0.717(24).
Introduction
Lacking experimental data above production threshold, flavor physics offers the unique possibility for an indirect discovery of New Physics (NP) effects through virtual exchanges of yet-to-be-discovered heavy particles in loop suppressed processes. This approach, which is particularly promising for processes that are highly suppressed within the Standard Model (SM), proved to be very successful in the past allowing for the indirect determination of the charm and top quark mass [1] [2] [3] .
Moreover flavor physics data play a major rôle in providing stringent tests of the CKM paradigm and allowing the determination of the magnitude of the mixing matrix elements. In particular ∆S = 2 and ∆B = 2 flavor changing neutral current processes are crucial to the unitarity triangle analysis. They are also quite valuable in constraining NP models, see e.g. [4] [5] [6] [7] [8] [9] [10] [11] with data on ∆S = 2 oscillations providing the most stringent constraints [4] [5] [6] 12] .
Of special interest are the ∆C = 2 transitions occurring in D 0 − D 0 oscillations [13] [14] [15] and [16, 17] , as this is the only SM process in which mixing involves up-type quarks. CP violation through these mixings is expected to be strongly suppressed within the SM, because they are dominated by light (d, s) quark exchange entailing also important long range interactions. Thus any experimental signal of CP violation in the neutral D meson sector would be a strong indication for the existence of NP [18] [19] [20] [21] [22] . Even in the absence of CP-violation, our determination of ∆C = 2 operator matrix elements allows to put constraints on Beyond the Standard Model (BSM) models. In this paper we present a determination of the bag-parameters relevant for the description of the ∆S = 2 and ∆C = 2 transitions. We compute meson-anti-meson matrix elements of the whole basis of dimension-six four-fermion operators contributing the most general form of the effective ∆F = 2 Hamiltonian [23] [24] [25] [26] . Beyond the "left-left" operator, relevant for the SM, flavor-changing extra terms appear. The full effective ∆F = 2 Hamiltonian reads
where C i and C i are the Wilson coefficients and the bare operators, O i and O i , corresponding to renormalized operators appearing in Eq. (1) , are
where α, β are color indices. The operators O 1−3 are obtained from O 1−3 with the replacement of (1 − γ 5 ) → (1 + γ 5 ). Since O 1−3 and O 1−3 have identical parity conserving parts, parity invariance of QCD allows to restrict our attention to only the set of operators O i , i = 1, . . . , 5. In the present work we focus on the cases (h, ) ≡ (s, d) and (h, ) ≡ (c, u).
The Wilson coefficients describe short distance effects. Accordingly, they will also depend on the heavy degrees of freedom possibly circulating in loops. The low energy dynamics is incorporated in the matrix element of the operators O i . The renormalization scale µ gets compensated between the Wilson coefficients and the matrix elements of the renormalized operators.
Lattice QCD provides a first principles determination of the bag-parameters B i . These are dimensionless quantities defined as the ratio of the non-perturbatively computed fourfermion matrix element over the value this matrix element takes in the vacuum saturation approximation. The reason for working with ratios is that they offer the advantage of a substantial cancellation of systematic and statistical uncertainties between the numerator and the denominator. For their definition (see for example Ref. [27] )
(m (µ) + m h (µ)) 2 for i = 2, . . . , 5 ,
where ξ i = {8/3, −5/3, 1/3, 2, 2/3} and P 0 stands for either a K 0 or a D 0 pseudoscalar meson. The corresponding mass and decay constant are denoted by 1 m P 0 and f P 0 , respectively. The quantities m (µ) and m h (µ) are the light and heavy quark masses of the neutral K and D pseudoscalar mesons are made of, renormalized at the scale µ. We see from Eq. (3) that, while the matrix element P 0 |O 1 (µ)|P 0 vanishes as the pseudoscalar mass goes to zero, the four other matrix elements do not. We recall that B 1 parametrises the SM operator while the B i , i ≥ 2, parametrise the BSM ones. The computations presented in this paper have been performed making use of the N f = 2 + 1 + 1 dynamical quark gauge configurations generated by the European Twisted Mass Collaboration (ETMC) [28, 29] at three values of the lattice spacing, a 0.06 − 0.09 fm, with the lightest pseudoscalar mass values in the range M ps ∼ 210 − 450 MeV. Spatial lattice sizes are L 2.1 − 3.0 fm with M ps L 3.1 − 4.5. Operator renormalization has been performed non-perturbatively in the RI-MOM scheme [30] .
Results -For the reader's convenience we immediately summarize our main results for K 0 and D 0 meson bag-parameters. We collect in Table 1 the values of the five bag-parameters that are required to describe the neutral Kaon mixing in the SM and beyond. We give the numbers in the MS renormalization scheme of Ref. [31] and in the RI scheme at the scale of µ = 3 GeV. For results given in the MS scheme the second quoted error provides our estimates for the systematic uncertainty coming from the perturbative matching between RI and MS schemes, which range from 0.5% to about 4%. The uncertainties on the central values stemming exclusively from our lattice computations are given by the first error and range from about 3.3% to 7.5%.
Neglecting the tiny over-unquenching error due to the presence of the charm in the sea (see discussion below) we adopt the continuum limit results in the MS scheme at µ = 3 GeV as our best estimate of the desired Kaon mixing bag parameters in QCD with u, d and s active flavors for the same scheme and scale. Then for B K ≡ B 1 we find in the RGI scheme the value 2 B RGI(N f =3) K = 0.717 (24) ,
with a total uncertainty of about 3.4%. 1 In our formulae we use the notation for a neutral pseudoscalar meson although we work in the isospin symmetric limit; so in practice we make no distinction between the masses and decay constants of the neutral and charged pseudoscalar mesons.
2 If for converting our continuum limit B1 in the MS scheme at µ = 3 GeV to its RGI counterpart we had taken N f = 4 we would have obtained B [31] and in the RI scheme at the scale of µ = 3 GeV. For results given in the MS scheme the second error indicates an estimate for the systematic uncertainty owing to the perturbative matching of RI and MS schemes.
In Table 2 we summarize the results for the bag-parameters relevant for the case of the D 0 − D 0 oscillations. For results given in the MS scheme the second error we quote represents our estimate of the systematic uncertainty coming from the perturbative matching between RI and MS schemes. The uncertainties stemming only from our lattice computations are given by the first quoted error and range from about 4% to 8%. In Fig. 1 we present a compilation of recent (unquenched) RGI values of B K . Lattice computations are quite accurate with a total uncertainty of only a few percent. It is worth noting the rather weak dependence of B RGI K on the number of dynamical flavors. Our current B RGI K value compares well with N f = 2 + 1 and N f = 2 lattice computations. Our result is also found to be in agreement with the estimate obtained using a model based on the dual representation of QCD as a theory of weakly interacting mesons for large N , which predicts negative sign corrections to the large N limit estimate given by the value B K = 0.75 [34, 35] .
A comparison of recent determinations of the
is presented in Fig. 2 4 . The ETM, RBC/UKQCD and SWME collaborations give for B 2 and B 3 results that are well compatible within the errors. A tension of up to 3 standard deviations is visible, instead, in the case of B 4 and B 5 after the updated (preliminary) work of SWME [44] . Finally, in Fig. 3 we show the comparison of the available results for the D 0 bagparameters coming from ETMC computations with N f = 2 and N f = 2 + 1 + 1 gauge configurations 5 .
Comparing the results for the bag-parameters collected in the Tables 1 and 2 with the ETMC results published in Refs [12] and [50] , the latter obtained with N f = 2 dynami-TM/OS, NP ren.
(this paper) ETMC 15 [12] , [36] , [37] , [38] , [39] [32], [40] , [41] . Circle, squares and triangle correspond to N f = 2, N f = 2 + 1 and N f = 2 + 1 + 1 dynamical quark computations, respectively. The full blue square indicates the FLAG average [32] over N f = 2 + 1 data. For reader's convenience some information on the basic features of each computation is also given. [12, 44, 45] . The work reported in Ref. [44] is an updated computation of Ref. [39] . The label "CL" stands for continuum limit computation. Work in progress by the RBC/UKQCD has been reported in [46] . cal quark simulations, we notice that they are all compatible among themselves and have similar total uncertainties. Therefore, ceteris paribus, the main conclusions presented in these works concerning model-independent constraints on the NP scale from ∆S = 2 and ∆C = 2 operators within the unitarity triangle analysis, remain unchanged.
Before concluding this discussion, we find it useful to comment further about the dependence of B K and of the other B-parameters for K 0 − K 0 mixing on the number of dynamical quarks. As known, the standard theoretical formula that provides the indirect CP violation parameter K is obtained, through the low-energy effective weak Hamiltonian, after integrating out the heavy degrees of freedom including the charm quark. The reason is that it is only when the charm quark is integrated out, i.e. at scales µ ∼ m c , that the imaginary part of the effective Hamiltonian for K 0 − K 0 mixing becomes local (at the leading order in the 1/m c expansion). The advantage of this approach is that the long distance contributions to the amplitude, being related to the matrix elements of local operators, are more easily accessible to lattice computations. The price to pay, however, is that perturbation theory is uncertain at scales around the charm mass and, in addition, subleading corrections proportional to powers of p 2 K /m 2 c (where
may not be negligible, particularly when aiming at a theoretical prediction for K with percent precision.
In the standard approach, both short-distance Wilson coefficient and long-distance matrix elements of the effective Hamiltonian have to be computed in the presence of three active quarks. In this respect, therefore, the lattice computation of B-parameters for K 0 − K 0 mixing presented in this paper, being based on simulations performed with N f = 2 + 1 + 1 dynamical quarks, introduces a systematic error. Previous experience with N f = 2 + 1 + 1 lattice calculations suggests that the effect of the dynamical charm quark is presumably tiny, so that its impact in the determination of physical observables, which is undesired in this particular case, is likely too small to be detected at the level of the current precision. It should be also noted that a similar source of systematic error is introduced in the lattice calculations of B K performed with only N f = 2 + 1 dynamical quarks. In the latter case, indeed, the effect of the dynamical charm, which properly is not introduced in the determination of the matrix elements, is missing however in the lattice computation of the hadronic observables which are needed to fix the action parameters. Therefore, the determination of the lattice scale as well as of the strange and light quark masses within any N f = 2+1 lattice calculation is affected by the systematic error due to the quenching of the charm quark. This error then propagates into the calculation of B K . These effects, namely the latter one and the error introduced in the N f = 2 + 1 + 1 calculations of B K , have the same physical origin and are presumably comparable in size. As already noted, both effects are likely to be currently negligible, as also indicated, a posteriori, by the good consistency observed in Fig. 1 among the lattice determinations of B K based on different numbers of active quarks.
In order to bypass this error, the theoretical determination of K should be performed by keeping an active charm in the calculation. With the advances of the lattice technique, the computation of the matrix elements of non-local operators has becoming feasible and a first, exploratory lattice calculation of the real part of the effective Hamiltonian for K 0 −K 0 mixing has been presented in Refs [51, 52] . The same technique can be also applied to the calculation of the imaginary part of the Hamiltonian, which is relevant for K . While these lattice studies are not yet as accurate as the standard computations of local operator matrix elements, they are opening a new perspective and are likely to allow, in a near future, a significant improvement in the accuracy of the theoretical predictions of K , for both the long distance and short distance contributions.
Plan of the paper -In Section 2 we review the simulation details and discuss our computational and analysis setup. Final results and a full account of the error budget is given in Section 3. Finally, in the Appendices A and B we discuss the procedure we employed to determine in RI-MOM the full 5 × 5 renormalization constants (RCs) matrix for the four-fermion operators.
Computational details
In this work we have employed the mixed action twisted mass/Osterwalder-Seiler setup proposed in Ref. [53] which provides automatic O(a)-improvement and continuum-like renormalization pattern for the four-fermion operators, with only O(a 2 ) unitarity violations.
Lattice setup
For the action of the light mass-degenerate sea quark doublet we have used the expression of Ref. [54] which reads
where it is intended that the untwisted mass has been tuned to its critical value, M cr . As usual, the symbols ∇ µ and ∇ * µ represent the nearest neighbour forward and backward covariant derivatives, we define the quark doublet ψ = (ψ u ψ d ) T and µ sea is the (light) sea twisted quark mass.
With similar notations we take the action for the strange and charm quark doublet in the sea [55] to be
where µ σ and µ δ are the bare twisted mass parameters from which the renormalized strange and charm masses can be derived. Pauli matrices in Eqs (5) and (6) act in flavor space. For more details on the twisted mass setup see Refs. [28, 29, [54] [55] [56] [57] [58] .
Valence quarks are introduced via Osterwalder-Seiler (OS) fermions [59] . The valence action is written as the sum of the individual quark flavor contributions in the form
(7) where the label f is let to run over the different valence flavors f = , , h, h . In the neutral K case light ( ) and heavy (h) flavors denote down and strange quarks, respectively, while in the neutral D-case they stand for up and charm quarks. With the choice r h = r = r h = −r one can prove [53] that at maximal twist automatic O(a) improvement and absence of wrong chiral mixings [60] is guaranteed. Flavor by flavor bare valence and sea quark masses are set equal to each other which is enough to keep unitarity violations to O(a 2 ). The multiplicative mass renormalization constant is Z P for all fermions.
The lattice setup described above has been already successfully applied to determine the full set of four-fermion operator matrix elements relevant for the 
Simulation Details
We have used N f = 2 + 1 + 1 gauge configuration ensembles, produced with the Iwasaki gluon action [64] and maximally twisted Wilson fermions, generated by the ETM Collaboration [28, 29] . In Table 3 we summarise the main simulation details relevant for the sea and valence sector. Simulation data have been taken at three values of the lattice spacing, namely a = 0.0885 (36) , 0.0815 (30) and 0.0619 (18) fm, corresponding to β = 1.90, 1.95 and 2.10, respectively (see Ref. [65] ).
As we said, light valence and sea quark masses are set equal, leading to pion masses in the range between 210 and 450 MeV. Strange and charm sea quark masses are chosen close to their physical value. To allow for a smooth interpolation to the physical values of the strange and charm quark mass, we have inverted the heavy valence Dirac matrix for three values, µ "s" , of the strange quark mass and three values, µ "c" , of the charm mass, around the corresponding physical mass values.
The lattice scale has been fixed using f π . The u/d, strange and charm quark masses have been determined comparing with the experimental values of the pion, K and D (s) meson mass, respectively. Further details of our simulation setup can be found in Ref. [65] .
Valence light and strange quark propagators have been computed by employing spatial stochastic sources at a randomly chosen time-slice, adopting the "one-end" trick stochastic method of Ref. [66, 67] . In correlators where the charm quark is involved, Gaussian smeared interpolating quark fields [68] are used in order to suppress the contribution of excited states. This allows ground state identification at precocious Euclidean time separations.
For the values of the smearing parameters we take k G = 4 and N G = 30 Gaussian. In addition, we apply APE-smearing to the gauge links [69] in the interpolating fields with parameters α AP E = 0.5 and N AP E = 20. Table 3 : Details of the simulation setup. Sea and valence fermion actions are displayed in Eqs. (5), (6) and (7).
Lattice operators and bag-parameters
A detailed account of the lattice operators entering two-and three-point correlation functions was presented in Appendix A of Ref. [62] . For the reader's convenience and to fix the notation we recall here some basic information. In our mixed action setup one needs to consider the following set of four-fermion operators
where α and β are color indices, the square parentheses denote spin covariant operator factors and the label "MA" stands for "Mixed Action". We have set periodic boundary conditions for all fields, except for the quark fields which obey anti-periodic boundary conditions in the time direction. Two "wall" operators with P 0 -meson quantum numbers (recall P 0 can be either K 0 or D 0 ) are introduced at time slices y 0 and y 0 + T sep /2. The first operator is constructed in terms of q and q h quark fields and the second in terms of q and q h quark fields. Explicitly they are given by
In terms of them, the correlation functions we need to calculate are
where X can be either the axial current, A 0 , or the pseudoscalar density, P . For three-point correlation functions with heavy (charm or heavier) quarks we can achieve reduced statistical uncertainties by decreasing the time separation between the two sources and using smearing techniques (see Refs. [50, 63] ). Therefore, while in the Estimators for the bare bag-parameters are extracted from the asymptotic time behaviour of the ratios of the three-to two-point correlators
which for large time separations, y 0 x 0 y 0 + T sep , tend to the desired (bare) bagparameters
Figs 4 and 5 refer to the neutral K and D meson case, respectively. They illustrate the quality of the plateaux from which the estimates for the bare B i (i = 1, . . . , 5) bagparameters are extracted. The three panels correspond to three values of the lattice spacing at which simulations were performed.
We note that our plateau choices are rather conservative and by reasonably varying the plateau interval (e.g. considering a plateau's length as long as the double of the size of our principal choice) we find that the maximal systematic uncertainty is at the sub-percent level (with maximal estimates being 0.2% for B 2 and 0.5% for B 3 for the neutral kaon and D cases, respectively). We therefore conclude that this systematic uncertainty is so smaller than the statistical one, indicated by the label "stat+fit+RCs" in Tables 4 and 5 (see below for details) that it can be safely neglected. 
4 at β = 2.10 have been slightly shifted upward by +0.05 for accommodating data from all three β's in the same plotting scale. 2 at β = 2.10 have been slightly shifted upward by +0.1 for accommodating data from the three β's in the same plotting scale.
Computation of the renormalized bag-parameters
The renormalization pattern of the bag-parameters in our mixed action setup has been discussed in detail in Refs. [12, 53, 62] . The renormalized bag-parameters are given by
where (ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 ) = (8/3, −5/3, 1/3, 2, 2/3). The RCs of bilinear operators, namely Z V , Z A , Z P and Z S , have been determined non-perturbatively in the RI -MOM scheme in Ref. [65] . The four-fermion RCs, Z ij , have also been computed non-perturbatively in the same scheme. The calculation is presented in the Appendices A and B.
At each value of the light quark mass µ = µ sea our estimates of the bag-parameters are linearly interpolated to the physical strange (for neutral K-mixing) or charm (for neutral D-mixing) quark mass. In both cases the interpolation turns out to be very smooth. A simultaneous chiral and lattice spacing extrapolation to the physical value of the pion mass and the continuum limit is finally performed. The u/d, strange and charm quark masses have been evaluated in the continuum limit in Ref. [65] .
Both for neutral K and D meson mixing studies and for all the B i 's we have employed a linear fit ansatz of the general form
which in all cases nicely fits the data. In our notation the hat ( ) symbol denotes renormalization in the MS scheme at the 3 GeV scale. We have also considered fit ansätze based on NLO ChPT [70] for the K bag-parameters, of the kind
and for the D bag-parameters the NLO HMChPT fit ansätze [71]
In Eq. (18) the sign in front of the logarithm is minus for i = 1, 2, 3 and plus for i = 4, 5, whereas in the second of the Eqs. (19) the sign is minus for i = 2 and plus for i = 4, 5.
In the fit procedure we use the determinations ofB 0 and f 0 reported in Ref. [65] . We also make use of the value Y = 1 derived in Ref. [71] and of the estimateĝ = 0.53(4) obtained from the lattice measurement of the g D * Dπ coupling [72] . In HQET the bag parameter B 3 is related to B 1 and B 2 . In particular, by setting Y = 1, B 3 and B 2 acquire identical logarithmic terms.
In Figs. 6 and 7 we display the combined chiral and continuum fit of the B i (i = 1, . . . , 5) neutral K and D meson bag-parameters renormalized in the MS scheme of Ref. [31] at the scale of 3 GeV. We report in left and right panels, respectively, data corresponding to the two ways, namely M1 and M2, of determining the RCs proposed in Ref. [73] , differing in the manner O(a 2 ) lattice artefacts are treated. More details will be given in the Appendices A and B. For each B i the results using either the polynomial or the chiral fit ansätze defined in Eqs. (17), (18) case. Bag-parameters are renormalized in the MS scheme of [31] at the scale of 3 GeV. Left and right panels correspond to M1-type and M2-type four-fermion RCs, respectively, following the nomenclature of Ref. [73] . In each panel open circles and stars represent the value at the physical point corresponding to the linear and NLO ChPT fit, respectively.
leading to rather different discretisation effects, provide compatible continuum limit determinations for the bag-parameters within 1-2 standard deviations. Moreover, by comparing results from two lattice volumes, 24 3 × 48 and 32 3 × 64, at β = 1.90 at one value of the sea quark mass (aµ sea = 0.0040) we notice no systematic finite volume effect on the values of the bag parameters. The results for B i agree within at most one standard deviation in the worst case, while for the majority of the cases they are practically indistinguishable.
Final results and error budget
In this section we present the final results for the bag-parameters and we discuss the error budget of statistical and systematic uncertainties. In our analysis we combine results obtained by using several possible ways to account for systematic effects related to the RCs determination, chiral extrapolation and discretisation uncertainties. We have analysed a number of 32 estimates for B 1 and 64 estimates for B i with i > 1, see below for details.
In particular, we have examined in detail the impact on the final values of the bagparameters of various possible sources of systematic error related to the computation of the RCs. We would like to mention that a large part of the uncertainties in the RI-MOM calculation of the RCs affects the cutoff systematics in the error budget.
As described in Appendix B, we have computed the 5 × 5 four-fermion RCs in the RI -MOM scheme using two different methods to deal with cutoff effects, which following Ref. [73] we label M1 and M2. The M1 method consists in removing O((ap) 2 ) effects in the matrix elements used to extract the RCs by performing a fit in an appreciably large fixed window of the (ap) 2 momentum variable. In the M2 method the RCs are determined as weighted averages of RCs estimators over ap 2 -interval (fixed in physical units) and common to all the gauge configuration ensembles. To control possible systematic effects due to the choice of the momentum interval two sets of momentum intervals have been compared leading to fully compatible results.
Note that in the mixed action setup of [53] 
The analysis of systematic uncertainties due to the use of polynomial and (HM)ChPT fit ansätze, see Eqs (17) (18) (19) , is performed with reference to the so-called "golden" bagcombinations [39] 
Since these quantities are constructed in a way that chiral logarithmic terms cancel up to NLO 6 , they are expected to follow an almost linear behaviour as a function ofμ . Using the parametrization (20) we obtain additional estimates for B 2,...,5 without having to fit chiral logarithmic behaviours. Finally, in order to estimate systematic uncertainties due to cutoff effects for B 2,...,5 we have also carried out the scaling analysis of quantities which are found, empirically, to be affected by reduced discretisation errors. Therefore, if the M1-type RCs are employed, in the K case we consider
while in the D case we take
If the M2-type RCs are employed, in the K case they are
Naturally in this kind of analysis all the BSM bag-parameters will eventually turn out to be expressed in terms of B 1 which, however, among all the others is the quantity that is less affected by discretization effects. To summarise we have carried out 7 32 kinds of analysis for B 1 and 64 for the BSM bag-parameters, B 2,...,5 .
Statistical errors have been evaluated using the jackknife method. We have verified that for all the gauge configuration ensembles 16 jackknife bins are enough to have autocorrelations well under control. Fit cross correlations are taken into account by generating 1000 bootstrap samples for each gauge configuration ensemble. The RCs computation has been performed on a different set of N f = 4 gauge configuration ensembles. The error on each RC has been propagated assuming RCs to be gaussian distributed with the central values and the standard deviations reported in Tables 7 and 9 .
Our total statistical uncertainty includes the statistical errors on the bare matrix elements, the statistical uncertainty of the RCs and the propagated error coming from the combined continuum and chiral fit extrapolation.
For each bag-parameter the central value is determined by the average over the corresponding set of results. Note that, since all our analyses are characterised by comparable fit quality, we combine the results from different analyses assuming the same weight for all of them. Therefore for the final central values as well as for the statistical and systematic 7 The total number of different analyses for the SM bag-parameter B1 we have considered is given by the product 32 = 2 × 4 × 2 × 2. These numbers refer to the two fit ansätze for the chiral extrapolation, the four ways of combining the M1 and M2 kinds of RCs estimates needed for the renormalization of the four-and two-fermion operators, the two choices of the p 2 -interval, and finally a factor of 2 for including the off-diagonal scale independent O(a 2 ) matrix elements ∆ij in the construction of the renormalized operators or setting them equal to zero. As for the number of BSM bag-parameter analysis, owing the alternative ways of parametrizing chiral (Eq. 20) and lattice spacing fit anzätze (Eqs. (21), (23) and Eqs. (22), (24)), the above number must multiplied by 2, thus giving in total 64 kinds of analysis.
uncertainties we make use of the formulae (as already done in Ref. [65] ):
where x i and σ i are the central value and the variance of the i-th analysis and N is the total number of analyses, i.e. N = 32 for B 1 and N = 64 for B 2,..., 5 . From the first term of the r.h.s. of Eq. (26) we read off the statistical error while the second, which represents the spread among the results of different analyses, provides an estimate for the total systematic uncertainty.
In Tables 1 and 2 we have collected our final results for B i (i = 1, . . . , 5) evaluated in the MS and RI schemes. The final uncertainty is given by summing in quadrature the statistical and the systematic errors following Eq. (26) .
In Fig. 9 and Fig. 10 we illustrate the distribution of the results for each B i in the K and D case, respectively. Had we chosen the median of the results to represent the central value, we would have obtained numbers fully compatible (within better than one -statisticalstandard deviation) with the results collected in Tables 1 and 2 . It has also been checked that the width of the interval which selects the 68% of the area around the average (or the median) is in all cases very close to the value provided by Eq. (26) . We consider this a nice test of the validity and usefulness of our way of estimating the total error 8 .
In Tables 4 and 5 we report the detailed error budget of our determination of the K and D bag parameters. The numbers represent the percentage of the main sources of uncertainty in our calculation. The total percentage error is reported in the last rows of Tables 4 and 5 .
Under the label "stat+fit+RCs" we lump together the error coming from the statistical uncertainties of correlators, the interpolation/extrapolation of the simulated quark masses to the physical values, the extrapolation to the continuum limit, as well as the statistical uncertainties of the RCs.
Under the label "syst. chiral" we give our estimates of the chiral fit uncertainty. This has been determined using the different ways we have used to perform the chiral extrapolation, namely comparing results coming from the use of Eqs. (17), (18) and (19) as well as Eqs. (20) .
In the row labeled "syst. discr." we give our final estimate of the systematic uncertainties related to the choice of the fit ansatz of discretisation artifacts. The uncertainty is taken as the spread of the bag parameter results obtained with the use of Eqs. (21) to (24) and of the different ways (M1 or M2) of computing the relevant RCs.
Finally, in the last row of each table we quote our estimate for the systematic uncertainty due to the perturbative matching of the RI and MS schemes. We recall that anomalous dimensions of the four-fermion operators are known up to NLO. Our associated systematic error has been estimated by considering the difference between the values obtained 8 The fit quality for the vast majority of the 32 analyses for B1 and the 64 analyses for Bi=2,...,5 is good while only for a small number of cases -in particular, 6 (7) out of 64 analyses for B2 and 10 (11) out 64 analyses for B4 for the neutral Kaon (D) case -we noticed poor fit quality. Nevertheless, we decided to attribute to the results of all analyses the same weight since this choice led to somewhat more conservative estimates of the systematic uncertainties. Infact if we had opted for a χ 2 -weighted analysis strategy the shifts of the central values for all Bi would have been minimal and the finally estimated systematic errors smaller (by a few percent for Bi=1,2,4 up to almost 30% for Bi=3,5) than the ones presented in Tables 4 and 5 . at NLO and LO at the scale of 3 GeV for each one of the bag-parameters and multiplying it with the value (∼ 0.25) that α MS s (3 GeV) takes at the same scale. Finite volume effects, as mentioned in the previous section, are practically negligible at the level of our precision.
In Figs 11 and 12 we graphically show the error budget associated to the lattice computation i.e. without including the systematic error due to the perturbative conversion from RI to MS scheme, see Tables 4 and 5 .
Figure 11: Graphical representation of the error budget owing to the lattice computation (i.e. without including the estimate for the systematic uncertainty due to the perturbative matching between the RI and MS schemes) for the K bag-parameters, as reported in Table 4 . 
Appendix A Computational setup for the RCs
As we use a mass-independent renormalization scheme, the calculation of the RCs of twoand four-fermion operators and in particular of operators with non-vanishing anomalous dimension must be performed in the massless quark limit. For this purpose we have produced dedicated sets of N f = 4 Wilson twisted-mass degenerate dynamical quark gauge configurations with the same gluon action as the one used in the non-degenerate case and for a number of moderately light sea masses. For each ensemble with given sea quark mass parameters we have also computed the RCs estimators at several values of the valence parameters. Naturally the RCs computed with either N f = 2 + 1 + 1 or N f = 4 ensembles would yield identical numbers in the chiral limit.
The N f = 4 ensembles are generated at values of the twist angle somewhat different from π/2 (maximal twist), i.e. at m 0 = m cr . The reason is that for small values of m 0 −m cr large autocorrelation times have been noticed for simulations performed at two out of the three values of the inverse gauge coupling (β = 1.90 and 1.95) we use. Although an off maximal-twist setup does not lead to automatic O(a)-improvement, one can prove [54] that for any hadronic observable the average over results obtained at opposite values of the PCAC quark mass is actually O(a)-improved. Naturally, the need of performing the average leads to doubling the CPU time-cost of the calculation, which however remains quite affordable as we are dealing with simulations at non-zero standard Wilson and twisted mass.
In the Appendix A of Ref. [65] we have presented in detail the N f = 4 operator renormalization procedure for the cases of quark field and quark bilinears. Nevertheless, for the reader's convenience and to fix our notations, we briefly summarise here the main parts of our N f = 4 computational setup.
We employ the Iwasaki action for the gluons while the N f = 4 fermionic action in the so-called twisted basis reads Note that the form of the action (A.2) guarantees the positivity of the fermion determinant. The valence fermion action takes the form
In our notations the sea and valence sectors the various r val,sea f -Wilson parameters take values equal to ±1 and the twisted masses aµ val,sea f are non-negative quantities. In Table 6 we report the simulation details and the quark mass parameters relevant for the N f = 4 gauge ensembles defined above. For each value of the sea (twisted) quark mass, aµ sea , we have generated two gauge ensembles which are denoted by the letter "m" or "p" added to their label, and correspond to (nearly) opposite values of the PCAC quark mass, am sea PCAC .
Moreover, for each of the sea gauge ensembles quark propagators have been computed for a number of valence quark twisted masses, aµ val . The measured value of the valence PCAC quark mass, am val PCAC , for each sea ensemble of the "m" or "p" type is given in the last column of Table 6 .
Based on Ref. [53] the definition of the renormalized quark mass parameters in our partially quenched setup is Our RC-estimators are evaluated at the values p µ = (2π/L µ ) n µ of the momenta, where [2, 3] , [4, 7] ) , for β = 1.95,
( [2, 5] , [2, 5] , [2, 5] , [4, 9] ) , for β = 1.90 and 2.10 Table 6 : Simulation details and quark mass parameters of the N f = 4 gauge ensembles employed in the RCs computation.
estimators has been carried out using "democratic" four-momentum values that satisfy the condition
In order to come up with smoother discretisation errors we have subtracted from the Green's functions entering the RI-MOM computation the perturbative cutoff effects up to order O(a 2 g 2 ) (see Refs [74, 75] ). As it has been stated above, following the general proof given in Ref. [54] , which in the Appendix A.2 of Ref. [65] has been exemplified for the case of quark bilinear RCs estimators, the average over RCs estimators computed on ensembles produced with opposite values of the sea and valence PCAC quark mass enables to remove all the odd integer power cutoff effects and hence the O(a) discretisation errors 9 . Based on the definition of the angle θ in terms of the PCAC quark mass given in Eq. (A.4), we generally refer to this procedure as θ-average O(a)-improvement.
The evaluation of the RCs for the quark bilinear operators, namely Z A , Z V , Z P and Z S as well as the RC of the quark wave function, Z q , has been done in Ref. [65] . Our final numbers at each value of β have been labeled as M1 or M2 RCs. As explained in detail in [65] , they correspond to different ways in which the cutoff effects are treated. For convenience all the results are again reported in the Table 7 of Appendix B of the present work. Note that as for Z V , in the present analysis we have made use of the much more precise Ward Takahashi Identity determination [73] .
Appendix B RI-MOM computation of RCs of the four-fermion operators
The RI -MOM renormalization procedure we used for the four-fermion operators has been explained in the Appendices A and B of Ref. [12] . From the conceptual and operational point of view a great part of the computational details are very similar between the N f = 2 case of Ref. [12] and the present N f = 4 case, except for the fact that in the latter one has to compute RCs estimators in the "m" and "p" ensembles separately before taking their θ-average. In this section we will fix our notations making extensive use of the description of Ref. [12] . We will however recall some essential points of the computation in order to make easier for the reader to follow the presentation of the analysis and our results. In computing RCs it is convenient to work in a basis where the operators O M A i[±] with i = 2, . . . , 5 defined in Eq. (8) , are Fierz transformed as suggested in Ref. [76] . Using here a generic labeling (that can be obviously adapted to the case of interest (1, 2, 3, 4) → (h, , h , )) the operator basis now reads 10
where color indices are meant to be contracted within each square parenthesis, "MA" stands for "Mixed Action" and σ µν = [γ µ , γ ν ]/2. The transformation matrix between the two operator bases (Eqs (8) and (B.1)) is given by
To simplify the notation, in the rest of the Appendix we drop the superscript "MA" and subscript "±" and denote the operators (B.1) simply with the symbol Q i . Then in a self-evident matrix notation the renormalization pattern of the bare operators Q (b) takes the form
where Z Q is a scale-dependent renormalization matrix which has the same block-diagonal form as the formal continuum one. The wrong chirality mixings are parametrized by ∆ ∆ ∆ which is a sparse off-diagonal and UV-finite matrix with the structure
The renormalization pattern (B.3) can be proved (following Appendix A of Ref. [12] ) for the renormalization of Q defined out of maximal twist, for both positive and negative m PCAC masses -we refer to the ensembles "p" and "m" discussed in the previous Appendix. At this level of course lattice artifacts are still O(a). By the θ-averaging procedure discussed above, however, we obtain O(a) improved RC-estimators for which Eq. (B.3) holds with only O(a 2 ) lattice artifacts. These RC-estimators are used for renormalizing the bare matrix element we computed at maximal twist. For completeness we summarise the main technical points of the RC calculations. We start by computing in the Landau gauge the four-point Green's function of the operators, Q i between external quark states with the momenta given in Eqs (A.5)-(A.7).
The RI -MOM renormalization condition is imposed by requiring the projected amputated functions be equal to their tree-level value. This last step is conveniently and compactly implemented with the construction of the so-called dynamic matrix defined by the equation D = PΛ, where P and Λ are the matrices of the spin projectors and the amputated Green's functions, respectively; see also Appendix B.1 of Ref. [12] .
The further steps of the analysis are the following.
-We subtract from the dynamic matrix and the quark form factor (relevant for Z q ) the perturbative O(a 2 g 2 boost ) corrections computed in the massless theory [74, 75] . The boosted coupling is defined as g 2 boost = 6/(β P ) where P is the average plaquette value. -We subtract from the projected amputated four-fermion correlators the contribution of the Goldstone boson pole (GB-pole) at each value of the momenta defined in Eqs (A.5)-(A.7). This step is performed by carrying out the chiral limit extrapolation in the va-lence sector. The GB-pole contribution is realised by the presence of terms that go like 11 (1/m 2 ps ) n , being each one of them suppressed by corresponding powers of the inverse square momentum, (1/p 2 ) n . For each sea quark ensemble and for each value of the momentum we fit each one of the dynamic matrix elements in terms of the pseudoscalar mass in the valence sector, using the ansatz
In Fig. 13 we show the GB-pole subtraction of the block-diagonal elements of the dynamic matrix corresponding to the continuum-like matrix elements in the case of the coarsest lattice (β = 1.90) at relatively small momenta where systematic effects are expected to be larger. We observe, as it is also expected, that the GB-pole contribution is getting suppressed as the value of the momentum increases. This feature can be noticed comparing Figs 13 and 14 both referring to β = 1.90 at two different values of the momentum. Moreover typical GB-pole subtraction fits in the finest lattice are given in the panels of Fig. 15 . Important information concerning the double GB-pole subtraction can be revealed from plots as for example those presented in the panels of Fig. 16 which refer to the ensembles A1p and A1m of the coarsest lattice spacing (β = 1.90). We form the product of (a 2p2 ) 2 with the fit parameter, D(a 2p2 ), of the double GB-pole term (cf. Eq. (B.5)), then plotting it against (a 2p2 ). Two observations are in order. First, we notice that the product D(a 2p2 ) × (a 2p2 ) 2 takes almost constant value for large enough values of momentum that lie in the momentum intervals we have used in order to extract our RCs estimates. This finding also serves as a confirmation of the good fit quality in analysing the double GB-pole term. Second, we find that the double GB-pole contribution is negligible for the case of D 11 , in nice agreement with theoretical expectations, see Ref. [62] , whereas it is different from zero for several of the D ij with i, j > 1. So in our final analysis we have adopted single GB-pole subtraction (i.e. set D = 0 in the fit ansatz of Eq. (B.5)) for the former and single and double GB-pole subtraction (cf. Eq. (B.5)) for the latter cases. -After applying the θ-average of the RC-estimators at each β and at each value of momentum defined by Eqs (A.6) and (A.7), which is required in order to achieve O(a)-improvement, we carry out the sea chiral limit for each element of the 5 × 5 renormalization matrix. A simple polynomial (linear) fit ansatz fits the data smoothly. In Fig. 17 we illustrate an example of the chiral extrapolation in the sea using almost the same value of momentum at the three β's. -Having performed the chiral limit extrapolations our estimates for the RCs take the form
, where the first argument refers to the scale. Moreover we obtain the scale independent off-diagonal elements, namely
can be evolved to a common scale p 0 using the running formula for the operators Q i known up to NLO [31, 77] obtaining thus estimates of the form Z RI ij (p 2 0 ; (ap) 2 ). To be able to carry out a controlled study of the systematic discretisation errors on the renormalized bag-parameters, we apply the two methods proposed in Ref. [73] . We recall that each of these two methods, called M1 and M2, prescribes a different treatment of the cutoff effects. Method M1 consists in fitting Z RI ij (p 2 0 ; (ap) 2 ) to the linear ansatz
11 For each combination of two valence quark masses in each gauge ensemble of Table 6 we have computed and used the corresponding value of the pseudoscalar mass, mps. Figure 16 : For each of block-diagonal matrix element we form the product of (a 2p2 ) 2 with the fit parameter D(a 2p2 ) that is associated to the term of the double GB-pole (cf. Eq. (B.5)) and we plot it against (a 2p2 ) for the ensembles A1p and A1m of β = 1.90. in some large momentum region. For better controlling the systematics we have made two choices, namely (ap) 2 ∈ [1.5, 2.2] and (ap) 2 ∈ [1.8, 2.2]. As expected, thanks to subtraction of the perturbative O(a 2 g 2 ) effects, the slopes λ ij show very smooth dependence on β. In fact we parametrize the slopes in Eq. (B.6) as λ ij = λ
ij g 2 and we perform a simultaneous linear extrapolation to (ap) 2 = 0 at all values of β. Then we may convert the extrapolated results Z RI ij (p 0 ) to any scale and scheme as for example the MS scheme using NLO running. In Fig. 18 we show the best linear fits of Z ij (in the MS scheme at the scale of 3 GeV) using Eq. (B.6). M2 method works in a quite different way from M1. It consists in getting the average RC value in a narrow window of momenta which is fixed in physical units for all values of β. We have carried out the M2-type analysis for two choices of momentum interval, namelyp 2 ∈ [10 : 13] GeV 2 andp 2 ∈ [11 : 14] GeV 2 . These rather high values of momentum offer the possibility to gain more confidence in the absence of hadronic state contaminations and in the validity of the RC-evolution using the NLO anomalous dimension at the price, however, of taking no special care to end up with reduced O(a 2 ) cutoff effects. In order to get an immediate view of the impact of the RCs cutoff effects on the continuum limit estimates for the bag-parameters, we have performed a scaling test for all B i (i = 1, . . . , 5) which, for the case of the neutral K-mixing, is illustrated in Figs 19 . By using M1 or M2-type RCs we get the bag-parameter estimates at some fixed reference value of the light quark mass and then we extrapolate them linearly in a 2 to the continuum limit. From the relevant panels of Fig. 19 it can be noticed that for both RCs-types 12 the a 2 -scaling behaviour is good and the extrapolated continuum limit results are compatible within 1 or 2 standard deviations, depending on the case. The situation presented in Figs 19 has to be considered as purely indicative but representative of the fact that at some arbritrary -reference-value of the light quark mass, using all four possible combinations of the RCs, the results for B i=1,...,5 converge to continuum limit values that are compatible within each other. We find this result very reassuring since M1-and M2-type RCs are computed in such a way that the corresponding cutoff effects are much different, though of O(a 2 ). In this sense, by using two types of RCs we gain confidence that systematic effects due to the RCs RI-MOM computation and discertisation effects are under control. We also recall that for our final results we do not rely on plots like the ones presented in Fig. 19 , but we perform combined chiral and continuum limit fits as those descibed by the fit ansätze of Eqs (17)- (19) of Section 2. Finally, in Fig. 20 we depict the behaviour of the scale independent off-diagonal matrix elements ∆ ij for β = 2.10, while in Fig. 21 we plot the final estimates for ∆ ij against a 2 . We note that in all cases ∆ ij get small values around zero. For reader's convenience we collect in the last row of Fig. 21 the ∆ ij for which we observe relatively larger values. As we have anticipated in Section 3 in order to take into account possible residual cutoff effects, in our final set of analyses we have included results for the bag-parameters computed both with ∆ ij = 0 and ∆ ij = 0. The best linear fit in a 2 and the corresponding CL value for each RCs combination is also shown.
We collect for convenience the RCs for the bilinear quark operators, calculated in Ref. [65] , in Table 7, while in Tables 8 and 9 we summarise the RCs values for the fourfermion operators. Table 7 : Bilinear RCs published in Ref. [65] . The scale independent Z V , Z A and the scale dependent Z P , Z S and Z q are obtained with the methods M1 and M2. The scale dependent RCs are expressed in the MS scheme at the scale of 3 GeV. Z V is also obtained performing a very accurate computation employing the Ward-Takahashi identity (WTI), for details see Section 2.3 of Ref. [73] ). Table 8 , but in the MS scheme of [31] at the scale of 3 GeV.
